Let E and F be Riesz spaces and Tx, Ti, .. ■ , Tn be linear lattice homomorphisms (henceforth called lattice homomorphisms) from E to F . If T = Yl/!=\ T¡, then it is easy to check that T is positive and that if xq , xx, ... xn € E and x, A jc, = 0 for all i / j , then /\/Lo Tx¡ = 0 . The purpose of this note is to show that if F is Dedekind complete, the above necessary condition for T to be be the sum of n lattice homomorphisms is also sufficient. The result extends to sums of disjointness preserving operators, thereby leading to a characterization of the ideal of order bounded operators generated by the lattice homomorphisms.
Throughout this note we assume that E and F are real Riesz spaces. For unexplained terminology we refer the reader to references [1, 6, 8, 9] . Definition 1. Let « be a positive integer and T be a linear operator from E to F. We say that T is «-disjoint if T is order bounded, and for all Xq , xx, ... , xn G E such that \x¡\ A \Xj\ = 0 for all i ^ j, we have /\"=01Tx¡\ = 0.
Clearly a 1-disjoint positive linear operator from £ to F is a lattice homomorphism, and a general 1-disjoint linear operator is order bounded and disjointness preserving (i.e., if |w| A |u| = 0, then \Tu\ A \Tv\ = 0). We can readily check that every (positive) linear operator on K" is the sum of n (lattice homomorphisms) disjointness preserving operators. To see this take the matrix representation relative to the standard basis of W (or any positive pairwise disjoint basis if greater generally is wanted), and write the matrix as the sum of n matrices each with at most one nonzero column.
Before stating our first result we recall some facts about disjointness preserving operators. These can be found in [2, 4] . Note, however, that the term disjointness preserving in [2] has a different definition and that [2] considers self-maps of E rather than maps from E to F . The relevant proofs in [2] all take place in the range of the operator and apply without change. The results we need are given by the following: -Theorem [2, 4, 7] . Let T be an order bounded linear operator from a Riesz space E into an archimedean Riesz space F such that \Tu\/\\Tv\ = 0 for all u, v g E with \u\ A \v\ = 0. Then there exist lattice homomorphisms T+, T~ , and \T\ from E to F such that T = T+ -T~, (T+)x = (Tx)+ and (T~)x = (Tx)( 0<xgP), |P| = r+ + T-, and \Tx\ = \T\(\x\) (x £ E).
Proposition 2. Let F be archimedean and TX,T2, ... ,Tn be order bounded and disjointness preserving from E to F. If T = jy¡=lT¡, then T is ndisjoint. The archimedean assumption on F can be dropped if Tx ,T2, ... ,Tn are assumed to be positive (and hence lattice homomorphisms). Proof. Suppose x0, xx, ... , x" G E and |x,| A \x¡\ = 0 for all i ^ j . Then It follows that Ai=ol^x'l = 0 as required The archimedean property of F is used only for the existence and properties of the \Tj\, so it need not be assumed when the 7) are all lattice homomorphisms.
We now consider sufficiency. In this connection we note that Huijsmans and de Pagter [5, Remark 2.3] ask if a 2-disjoint positive operator is the sum of two lattice homomorphisms and state that this property characterizes such operators if F = C(X), with X extremally disconnected. We begin with the standard description of the minimal positive extension of the restriction of T to the solid subspace of E generated by u [9, Theorem 83.8].
Lemma 3. Let E and F be Riesz spaces with F Dedekind complete. Suppose that T is a positive linear map from E into F and 0 <u e E. If Tu: E -> F is defined by
and Tux -Tu(x+) -Tu(x~) for arbitrary x G E, then Tu is linear from E to F, dominated by T on E, annihilates the disjoint complement of u, and agrees with T on the ideal generated by u. In the case that E = F and T is the identity, then Tu is the band projection on udd .
Lemma 4. Let E and F be Riesz spaces with F Dedekind complete and T a positive n-disjoint linear operator from E to F. Suppose Uq,ux, ... , »"_■ G E
and Ui A Uj■■ = 0 for all i ^ j. Let P, denote the band projection of F onto Tudd, and write To for the operator TUo, defined as in ( 1 ) Since Po is also a lattice homomorphism, we have Rx A Ry = 0, so P is a lattice homomorphism as claimed Now suppose that xx, x2, ... , x" are n mutually disjoint positive elements of E. It is sufficient to show that Theorem 6. Let E and F be Riesz spaces with F Dedekind complete and T an n-disjoint linear operator from E to F. Then there exist n disjointness preserving linear operators, TX,T2, ... ,Tn, from E to F such that T = Y^\=x Pi ■ Proof. First we prove that |P| is «-disjoint (of course it is positive). For this, note that |P|(|x|) = M{\Tu\: « G P and |w| < |x|} for all x G E. Suppose xo, xx, ... , xn G E and x, A x, = 0 for all i £ j. If u¡ G E and \u¡\ < x¡ for each j, then the u¡ are n + 1 mutually disjoint elements of E, so n A\TUj\ = 0.
j=0
Taking suprema for successive values of j over all Uj G E such that \Uj\ < \Xj\, we obtain /\"=Q \T\x¡ = 0, as required. By Theorem 5, there exist lattice homomorphisms Sx, S2, ... , S" such that \T\ = Si + S2 + • •■ + Sn. Since 0 < T+ < \T\ and 0 < T~ < \T\, the Riesz decomposition property shows that there exists order bounded linear operators UX,U2, ... ,U", VX,V2, ... ,Vn from E to P such that T+ = Ux + U2 + ■■■ + U" and P" = Vx + V2 + • • • + Vn . For each i write P, = U¡ -V¡. Since \T¡\ < Ui + V, < 2S¡, it is clear that P, is disjointness preserving for each i. By construction P = Tx + T2 H-h Tn , so the proof is complete.
The method of proof makes it clear that there is no hope of proving a uniqueness theorem for the decomposition of an «-disjoint linear operator as the sum of n lattice homomorphisms, and it also shows how to construct counterexamples. Example 7 . Let E = F = E2, and define P by T(a, b) = (a + b, a + b). Then P is 2-disjoint (by default since dimP = 2). Now let I be the identity map of E to F, and define R from E to P by R(a, b) = (a, a). It is easy to check that / and T -1 are lattice homomorphisms, both of rank 2, and that R and T -R are lattice homomorphisms, both of rank 1. In fact, this example can be easily modified to apply to any T e L(R2) of the form T(a, b) -(aa + ßb, ya + ôb) with a, ß, y , and S all positive. The relevant equalities are a(a, y) + b(ß, ô) = (aa + ßb,ya + ôb) = (aa, ôb) + (ßb, ya).
So far our perspective has been local. We close with a few global remarks. Let us consider the ideal S? of order bounded operators generated by the lattice homomorphisms. Clearly 2f is the set of order bounded linear P such that there exist a positive integer n and n lattice homomorphisms SX,S2, ... ,Sn such that \T\ < £"=, S¡. Thus we may restate Theorem 6 as follows: Theorem 8. Let E and F be Riesz spaces with F Dedekind complete and Sf the ideal of order bounded linear operators from E to F generated by the lattice homomorphisms. Then 2? consists precisely of those order bounded linear operators that are n-disjoint for some positive integer n .
A type of order closure of 5f has been recently considered by Carothers and Feldman [3] . They call an order bounded linear operator P a local homomorphism if there exists a net {Ma} of orthomorphisms increasing to the identity such that each MaT is a finite sum of lattice homomorphisms. For E = C(K) with K compact Hausdorff, they characterize the local homomorphisms and extend this to Banach lattices when E has a quasi-interior point. The closest overlap between their paper and ours comes in the following result, which they state with a promise of a proof to follow in a subsequent paper. Theorem 9. Let X and Y be compact Hausdorff spaces and C(Y) be Dedekind complete. If T is an order bounded linear operator from X to Y for which there exists a positive integer n such that for each y eY there exist nonnegative reals ax,a2, ... , a" and elements xx, x2, ... , xn in X with the property that the evaluation functionals (denoted by a circumflex) satisfy n T*y = J! a'X¡, (=i then T is a sum of n lattice homomorphisms. Proof. It is almost trivial to check if such an operator is «-disjoint. Theorem 5 then applies.
Example 1 in [3] also shows that some sort of order completeness of P is necessary for our Theorem 5, and hence Theorems 6 and 8, to hold. The example gives a 2-disjoint operator from C([0, 1]) to C([0, 1]) that is not a sum of two lattice homomorphisms. It would be interesting to have an example in which P is er-Dedekind complete and a 2-disjoint operator is still not the sum of two lattice homomorphisms. Our proof of Theorem 5 requires the full force of Dedekind completeness. We know of no weaker hypotheses under which the Theorem may be true.
Our thanks are due to C. D. Aliprantis for informing us of [3] .
